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prox[K; .] := proxIn [K; .]
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Ai ∩ Aj = ∅, i 6= j
p ∪mi=1Ai = A
¯ an.ql
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A ∈ B(IR), dµ(A) =
0 ⇒ dR(A) = 0 ´Rnu]a4pEw{lolutN$mt~soaN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a¨yªMno]_a ­aN½VaWl@q_a·º.{_y{pm·ºb.t²{ymmkG`nu]_a4·y@suaN` , lua4aZ\
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dR = R′µdµ ∈ K(t) on I ,  /noy7`aWpnu]V¢n
R′µ(t) ∈ K(t), dµ− a.e. t ∈ I. ,  /
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A ∈ B(IR) 
A ⊂ I 
dR(A) ∈ co(∪τ∈AK(τ)). ,  /







A ∈ B(IR) ´ A ⊂ I lq]³nu]n
0 < dµ(A) < +∞ ¯2\
]_a4p R′µ(A) ⊂ co(∪τ∈AK(τ))
{pEnu]Gql , laNa,\
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C > 0
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t0 < t1 < ... < tN , N{su½t¸noso{suk / yª(}Iy{tpAnol
y{ª J ´_twl4{~aNEnu]_a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4y{pAnutpGq_t~nk¹}Vy@t~pAnol!{p twl!`yAln!a4@a4sokG§]_a4soa
_t¸¼Ra4soa4pAnutw½~a@¯À |/Í ª®q_pÁnot~y@pËma
8paN¿y{p
[a, b] ⊂ I }Iy@lolaWluluaNlf~a4ªÌn·U~t`7t¸nltp (a, b] p¿sot~@]@nu·t`t~noltp
[a, b)
¯ËeZy@suaNy¢{aNsN´(nu]_aª®q_pnuty{pl
t 7→ u(t+) := lims→t,s>t u(s)
pV


















4p½IasuaN}_suaWlaNpAnuaNEt~pno]_a,ª®y{so` , lua4aa@¯ V¯ 2 @ 37/ 
u(t) = Ju(t) + [u](t) + ζu(t), ∀t ∈ [a, b],















i=1 ‖[u](βi)− [u](αi)‖ < ε
´@ª®y@spGk
4y{~aWÁnot~y@pZyª«mtwl®zy@t~pAnfluq_½_tpAnuaNsu¢wl
(αi, βi] ⊂ [a, b](1 ≤ i ≤ N)
lqV]Znu]n ∑N
























u ∈ RCSLBV(I; IRn) nu]_aNp












u(t+n ) − u(t−n ) =
∑
t≥tn
u(tn) − u(t−n ) ,  /
Ó(ÓØ[è+\ÁðÁç
   '	5> <
§]a4soa






@t~@a4pt~p ,  / ¯
 ­ Ã ®  Ã   Ã ¡(  Ã ­a4n
u ∈ LBV (I ; IRn) ½Ia¦@t~@a4p­¯ ¾a,_a4p_y{nua,½Gk du nu]aiGnuta4~nôzaNl
`7aW{luq_sua@a4p_aNsonuaW½Gk
u , laNa¦a@¯ V¯ 2 A 3 pV 2 A 3$/ ¯MaNNRnu]nª®y{s a ≤ b ´ a, b ∈ I 
du([a, b]) = u(b+) − u(a−),
du([a, b)) = u(b−) − u(a−),
du((a, b]) = u(b+) − u(a+),
du((a, b)) = u(b−) − u(a+).
¥ p!}{snot4q_wsW´A§/a,]×{a
du({a}) = u(a+) − u(a−).
Py{s
u ∈ LBV (I ; IRn) ´ u+ p u− maNp_ynoa¦nu]_a,ª®q_pVÁnuty{pVl.ma
8Vp_aN½Gk
u+(t) = u(t+) = lim
s→t,s>t
u(s)), ∀t ∈ I,
{p
u−(t) = u(t−) = lim
s→t,s<t
u(s)), ∀t ∈ I.
¥ ª
u, v ∈ LBV (I ; IRn) nu]_aNp uT v ∈ LBV (I ; IR) pV
d(uT v) = (v−)T du+ (u+)T dv = (v+)T du+ (u−)T dv. ,  /
anql.{luysuaW4Rnu]V¢n
2(u−)T du ≤ d(uTu) = (u+ + u−)T du ≤ 2(u+)T du. ,  /
Ã ¡(  Ã È	 Ã   Ã  ô¡    £  Ç  \
]_a±`&¢noa4sot{d@t~@a4p tp¹nu]tlZiGaWÁnuty{p 4p¹½Ia¾qlaWµnuy
ª®y@su`¨q_w¢nua&`7aW{luq_suamt¸¼Ra4soa4pAnot{«tpqlut~y@pl4¯*Py{s¨a©_`7}_a{´~a4n
F : IR × IRn → IRn ½Va C1 ·`&{}_}_tp_³pµan
C ⊂ IRn ½Ia¿py{p_aN`}_nk8y@luaNµ4y{pG{a4© luanN¯ ¾a±y@pltwmaNs&nu]_a±`aW{luq_soa_t¸¼Ra4soa4pAnutwCtp4~qluty{p Ptp
u ∈ RCLBV (IR; IRn) luq]Eno]¢n
du+ F (t, u(t))dt ∈ −NC(u(t)). ,?0A/
\









(t) + F (t, u(t))
dt
dµ
(t) ∈ −NC(u(t)), dµ− a.e. t ∈ IR. ,K-  /
Ñ®ÒÓ­ÑÌÔ
 














A ∈ B(IR) luq]nu]n dµ(A) < +∞ ¯
anqlpy¢§ soaN4{~Cluy{`7a,t~`7}Iy{suno{p@nd4y{pluaNvAq_aNpaWl/yªluq]Z`&¢nu]a4`&¢notNC`7ymma4=¯ ¿a]V×{a
u(t+) − u(t−) ∈ −NC(u(t)), ∀t ∈ IR ,.-  /
{p














α ∈ IR {p β ∈ IR ∪ {+∞} ¯ ¾aluan.wly










〈DT,ϕ〉 = −〈T, ϕ̇〉, ∀ ϕ ∈ C∞0 (I).
\
]a , {aNp_a4st~»NaN / maNsut¢¢not~@a¦y{ª(y@somaNs n twl/nu]_aNp!{t{a4p½Gk
DnT = D(Dn−1T ) (n ≥ 2),
no]¢n.twl
〈DnT, ϕ〉 = (−1)n〈T, ϕ(n)〉, ∀ ϕ ∈ C∞0 (I).Py{s
a ∈ I ´_§'amaNp_ynoa,½Ak δa nu]_aÐftso@¦_tlnusot~½qmnuty{pZ¢n a ´ma8p_aN½Gk
〈δa, ϕ〉 = ϕ(a), ∀ ϕ ∈ C∞0 (I).
bdynoafno]¢n
δa = DH(.− a)
§]_aNsua H tlnu]_aÊdaN×Gtlutwmadª®qpÁnot~y@p 
H(t) =
{
1 if t ≥ 0
0 if t < 0
.
Ó(ÓØ[è+\ÁðÁç
-    '	5> <
\
]alq}_}Vy@sn
supp{ϕ} yªMª®q_pnuty{p ϕ : I → IR twldma8p_aN!½Gk supp{ϕ} := {t ∈ I : ϕ(t) 6= 0} ¯\
]aluq_}_}Iy{sun
supp{T} yªf¾mtwlnosut½_qmnot~y@p T ∈ D′(I) twl&ma
8Vp_aN8½Gk supp{T} := I\O §]_a4soa
O ⊂ I _a4p_y{nuaNlnu]aEwso{aNlny{}Ia4p8la4n¨yª I y{pË§]_tw] T ¢ptlu]_aNlt~p³nu]_alaNplaEnu]n 〈T, ϕ̄〉 =
0, ∀ ϕ ∈ C∞0 (O)
¯ Êda4soa{´Mª®y@s
ϕ ∈ C∞0 (O)
´«no]_aª®q_pÁnot~y@p




ϕ(t) if t ∈ O
0 if t ∈ I\O
¯
an
h ∈ RCSLBV (Ĩ ; IR) ½Ia{t{aNp­¯ ¾a§t~$maNp_ynoa½Gk E0(h) nu]_ay{qp@n½_aluan¦yª2}Vy@t~pAnldy{ª_tloy@p@not~pGq_t~nk
















t ∈ Ĩ ´
σh(t) := h(t


























[h](t+ σ) − [h](t)
σ
¾a]×@adno]AqVl 
h = [h] + Jh ,K-  /{p












dJh(A) = 0, ∀A ∈ B(IR), A ⊂ IR\E0
¯
anqlpy¢§ luan
F0(Ĩ ; IR) = RCSLBV (Ĩ ; IR)
F1(Ĩ ; IR) = {h ∈ F0(Ĩ ; IR) : ĥ(1) ∈ RCSLBV (Ĩ ; IR)}
F2(Ĩ ; IR) = {h ∈ F1(Ĩ ; IR) : ĥ(2) :=
d+
dt
[ĥ(1)] ∈ RCSLBV (Ĩ ; IR)}
.....
Fk(Ĩ ; IR) = {h ∈ Fk−1(Ĩ ; IR) : ĥ(k) :=
d+
dt
[ĥ(k−1)] ∈ RCSLBV (Ĩ ; IR)}
{p












t ∈ Ĩ p ĥ(α) ]@ll}IaN4t{­~ymNC½Iy{q_p_aN×{sutw¢not~y@py¢@a4s Ĩ ¯
Ñ®ÒÓ­ÑÌÔ
 
				 ! "$#% &	'
 -A-
Ã ³¡m     >BV>7L>   d+
dt
[ĥ(α−1)]
 +>?V#&Q V? '






  	+ %>K'#> $#%	
 	 L	+>?I

ĥ(α) ∈ RCLBV (Ĩ ; IR) #" ĥ(α) ∈
LBV (Ĩ ; IR)
	 >7%% O$@ <=
# >&LY	
O$	  
# > +>!#&  $# >$ A#$> I#*  >$ @ '>B	
  ' Fα(Ĩ ; IR) 
	  L1AI'<:	#L	$ W>!W<  >7L> 
	;$








 ¡    Ã  &>
I =]0,+∞[ #" <=> u : Ĩ → IR >$ O#&'
> I#Q$@#  
u(t) = | sin(t)|, ∀t ≥ 0.

> '<=	>7L>
û(0) := u ∈ RCSLBV (Ĩ ; IR)+$#&'
u







(t) = cos(t− kπ) if t ∈ [kπ, (k + 1)π), (k ∈ IN).
% >7L>
E0(û
(1)) = {kπ; k ∈ IN\{0}} #"
û(1) = [û(1)] + J,
:
	
[û(1)](t) = −2k + cos(t− kπ) if t ∈ [kπ, (k + 1)π], (k ∈ IN)#"
J(t) = 2k if t ∈ [kπ, (k + 1)π], (k ∈ IN).
&O%






[û(1)](t) = −| sin(t)|
 >$>





(−1)mû(0)(t) if k = 2m
(−1)mû(1)(t) if k = 2m+ 1 , (m ∈ IN),
 >$>
û(k) ∈ RCSLBV (Ĩ ; IR), ∀k ∈ IN Y#" >7%%
u ∈ F∞(Ĩ ; IR).
Ó(ÓØ[è+\ÁðÁç
-    '	5> <
an
h ∈ F∞(Ĩ ; IR)










ϕ h dt, ∀ ϕ ∈ C∞0 (I).
an
ϕ ∈ C∞0 (I)
½Ia{t{aNp­¯2cdlut~p_ ,  / {p ,.-  / ´_§/a,y{½mntp , ]_a4soa h+ = h {p ϕ− = ϕ / 
〈DTh, ϕ〉 = −
∫
I
ϕ̇ h dt = −
∫
I
















(h(t+k ) − h(t−k ))〈δtk , ϕ〉
{ply7y{p´m§'alua4a¦nu]V¢nª®y{s.{pGk
































 ¡    Ã  !:
>
u : Ĩ → IR ;>$ O#"'> I# '#L+IA
	 $# %   "<6 ! >9%#" '#+I	>7L; +> 	+	
O> I#
T






































				 ! "$#% &	'
 - 
anql&py¢§maNp_ynoa!½Ak Tn(I) nu]_aluany{ª,{~fmtlnusot½_qmnuty{pVl T ∈ D′(I) §]_tw]¹lunutwlª®k¶nu]_aª®y@~y¢§tp_¶y@pmt~nuty{p ¾no]_a4soaa©mtwlnlËª®q_pÁnot~y@p


















































´m§/a¦`&×k4~aWso~k&twma4pAnot¸ª®kEnu]_a ª®qpÁnot~y@p}{sn  {T} {pEnu]_a `aW{luq_soa}Vsun   T  soaNlu}IaNÁnot~@a4k½Gk
{T} = F̂ (n)
{p , t~ª n ≥ 1 /
〈 T , ϕ〉 =
∫
I
ϕ dF̂ (n−1), ∀ ϕ ∈ C∞0 (I).
¾a§t~2wlyqlanu]_a7p_y{nonuty{p
d  T  noy_a4p_y{nua¨nu]_a&iAnuta4~nôzaWl¦`aW{luq_soa dF̂ (n−1) {a4pa4s¢nuaW½Gk
F̂ (n−1) ∈ RCSLBV (Ĩ ; IR) ¯'Êda4soa {T} twl.& É i |/Í°ª®q_pnuty{p{p d  T  twl.iAnot~aN¸nTzaNl`7aW{luq_sua@¯ Py{s
}IaN_{{y{@tNVsuaW{luy{plN´@§/a¦qlafnu]afn§/y7mt¸¼Ra4soa4pAn
p_yn¢not~y@pl
d  T  p  T noymaNp_ynoadsoaNlu}VaWÁnut{aN~k¨nu]af.@my{p&`7aN@lqsua.ma8p_aW&y{p&no]_af|/y@suaNT¬ lMluanol'p&nu]_a¦y{sosoaNlu}Vy@pmtp_
_tlnusot~½qmnuty{p­´mt=¯ a{¯
〈 T , ϕ〉 =
∫
I
ϕ d  T , ∀ ϕ ∈ C∞0 (I).
¥ n.§tC½Va{luy4y{pG{aNp_ta4pAn
nuy7qluafno]_ap_y{no¢not~y@p {T (k)} nuy&maNp_ynoa,nu]_a Áª®q_pnuty{p}sun dyª DkT ´t=¯ a{¯



















n+ 1 if n ≥ 1
1 if n = 0 and E0({T}) 6= ∅























-    '	5> <




   %   "<=  %  L@  
T ≡ {T} = û(0) = | sin(.)|, deg(T ) = 0,
DT ≡ {T (1)} = {DT} = û(1) = cos(.− kπ) on [kπ, (k + 1)π) (k ∈ IN), deg(DT ) = 1,




2T ) = 2,
{T (2)} = {D2T} = û(2) = −| sin(.)|,
#"
























ẋ(t) = Ax(t) +Bλ(t) (t ≥ 0)
x(0) = x0
w(t) = Cx(t) ≥ 0 (t ≥ 0)
,K-  /
§]a4soa
x : IR+ → IRn ´ λ ∈ IR ´ A ∈ IRn×n ´ B ∈ IRn×1 {p C ∈ IR1×n ¯ ¾a@luluq_`7ano]¢n¦nu]_anoso{plª®a4s.ª®qpÁnot~y@p
H(s) = C(sIn − A)−1B
yª2no]_a¨y@}VaNsonuy@s
λ 7→ w twlfp_yn,»4aNsuyV¯dÏ«vAq_t¢a4pAnukno]_a4soa,a©mtwlnl






@luluq_`7aNtp ,.-  / nu]V¢n2nu]a.suaNnut{amaN{soa4atwlMlnosutwÁno~k¨{su@a4s$no]p&»Na4soy¯(Ànuq{~k{´{nu]_a.ª®so{`aN§'y@su²no]¢n'tl'}_soaNlua4pAnuaW¨pa©Gn'twlMaWlulua4pAnutwkt~p_²@aN7noylukGlnuaN`&lM§t~nu]









zT = (w, ẇ, ẅ, ..., w(r−1), ξT ) = (z̄T , ξT ), ξ ∈ IRn−r ,K-  /
Ñ®ÒÓ­ÑÌÔ
 
				 ! "$#% &	'
 - 














































ż1(t) = z2(t) (t ≥ 0)
ż2(t) = z3(t) (t ≥ 0)
ż3(t) = z4(t) (t ≥ 0)
¯¯¯
żr−1(t) = zr(t) (t ≥ 0)
żr(t) = CA
rW−1z(t) + CAr−1Bλ(t) (t ≥ 0)
ξ̇(t) = Aξξ(t) +Bξz1(t) (t ≥ 0)






















0 1 0 . . . 0 0n−r
0 0 1 . . . 0 0n−r¯¯¯ ¯¯¯ ¯¯¯ ¯¯¯ ¯¯¯ ¯¯¯
¯¯¯ ¯¯¯ ¯¯¯ ¯¯¯ ¯¯¯ ¯¯¯
0 0 . . . . . . 1 0n−r



















(0n−r)T = 0n−r = (0, . . . , 0) ∈ IR1×(n−r)
¯MeZy@suaNy¢{a4s
CArW−1z = dT z̄ + dTξ ξ, ,  /
§t~nu]
dT = (d1, . . . , dr)
¯
¥ p³iGkmlnuaN`7l{p É y{pAnusoy{$no]_a4y@suk@´Cnu]amkGp`7tw4l
ξ̇ = Aξξ




ª®y@su`t~p ,K-  / no]_a¦ÎRÐ suaN}_suaWlaNpAno¢not~y@p­¯ ¾a.p_y{nua
no]¢nMno]_aª®y@su`&twl`tp ,.-  / 4y{pAnutpGq_aNl








i, j ∈ {1, ...,m} ´§]_a4soa
Ó(ÓØ[è+\ÁðÁç















































2(t) (t ≥ 0)
żi2(t) = z
i
3(t) (t ≥ 0)¯¯¯
żir(t) = CiA
rW−1z(t) + CiA




1(t) (t ≥ 0)












,K-  / ½qmnd zi ´ 1 ≤ i ≤ r ´{sua m− mt~`7aNplty{pV=¯Xfpa¦]V{lwluy mr ≤ n ¯
 ¡    Ã  !:
> >7LW< $#"	  L	+>  W  +>B  $# 
    
'









s4 + s3 − (1 + α)s− 1 − β
 & '#"# I'< +>!>!   LA'	! "	













ż1(t) = z2(t) (t ≥ 0)
ż2(t) = λ(t) − z1(t) − z2(t) + αξ1(t) + βξ2(t) (t ≥ 0)
ξ̇1(t) = ξ2(t) (t ≥ 0)
ξ̇2(t) = ξ1(t) + z1(t) (t ≥ 0)




  & (      "+
iGnosunutp_
ª®soy{` nu]_twl­luaNÁnot~y@p,y{p­´W§'aMluan













x(·) zq_`7}l«]V×{a.p_y{n«½Ia4a4pEt~pAnusoymmq4aNC¯ ¥ n'twlMy{ª­qmnu`7y@ln«t`7}Vy@snp4anuypynutwa,no]¢nft~p!{aNp_a4s=´Gnu]aly@~q_nuty{ply{ª ,K-  /, aNvAq_t¢a4pAnukEy{ª ,K-  /K/ §t~p_yn.½Iamt~¼IaNsuaNpAnutw½_a{¯É y@plutmaNs7ª®y{st~plno{pa!no]_atp_t~nutwf¢no
zi(0
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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zqVlnlo×kZnu]V¢n¨zq_`7}Ë`&}_}_tp_!twlp_a4aWmaN­¯ ¥ nol,ª®y@su`h§t~«maN}VaNp¾y{p¾nu]_a7nkG}Ia&yªlkmlnuaN` y{p_a







































Dξ = Aξξ +Bξz1.
,  /
À/n
soa4tp_t~nutwtlo¢not~y@p7nut`a¦y{pa.]{l {z}(t+k ) = F({z}(t−k ))
´m§]_a4soa F(·) twl'{py{}Ia4s¢noy{s2no]¢n
§t~½Iaf_a
8p_aW&w¢nuaNsN¯ É y{pVltwma4s«nu]_a¦½Iy¢{atp_t~nutwRy{pVmt¸not~y@plMy@p {z}(·) ¯$\
]_aNp Dz1 twl/mtwlnosut½_qmnot~y@py{ª.ma4@suaNaE!p§/a{a4n






2z1 = D{ż1} + σz1(0)δ̇0 = {ż2} + σ{ż1}(0)δ0 + σz1(0)δ̇0 = z3
´
{p {ż1} = {z2} ¯¹\
]_a4p Dz3 twl&¾_tlnusot~½qmnuty{pµyª,ma4@suaNa!´'{p §'a!@an Dz3 = D{ż2} +
σ{ż1}(0)δ̇0 + σz1(0)δ̈0 = {ż3} + σ{ż2}(0)δ0 + σ{ż1}(0)δ̇0 + σz1(0)δ̈0 = z4







_a4{soa4aWl4¯(b.y¢§¶an2ql$@an$½{²,noy¦nu]_amtwlnosut½_qmnot~y@p__kApV`7tNlt~p , { / ¯MiAnsunutp_dª®soy{` Dz1 = z2 ´y@p_amaWmq4aNlno]¢ndnu]_a¨sut{]An.]{plutma]{l
noyE½Iayª$no]_a¨lo`7amaN{soa4a,no]p!no]_aaªÌn¦]pZlutwma{¯
\
]tl`7aN{pl¨nu]nno]_asut{]An7]p8ltwmatl7aWvAq/nuy {z2} + ν1 ´«§]a4soa ν1 twl&¿mtwlnusot~½_q_nuty{p¶y{ª_a4{soa4a_´Vt=¯ a{¯d&`7aW{luq_sua@¯diGt`twso~kª®suy@`
Dz2 = z3
y@p_amaWmq4aNlno]¢n



























ϕ(t)dνi ∀ϕ ∈ C∞0 (I)
´§]_a4soa
dνi
tliGnuta4~nôzaNl.`aW{luq_soa¦@a4p_aNsonuaW½GkE F∞(Ĩ ; IR) ·
Ó(ÓØ[è+\ÁðÁç








(Dzr) = r + 1






























Dz1 = {z2} + ν1
Dz2 = {z3} +Dν1 + ν2
Dz3 = {z4} +D2ν1 +Dν2 + ν3
¯¯¯
Dzi = {zi+1} +D(i−1)ν1 +D(i−2)ν2 + . . .+Dνi−1 + νi¯¯¯











, ¢ / Np½Va@t~@a4p!`aWp_tp_&{l
λ = (CAr−1B)−1[D(r−1)ν1 + . . .+Dνr−1] + νr , { /
}suy¢GtwmaN
CAr−1B 6= 0 , tpG{a4sunut½_adtp&nu]a¦N{lua m ≥ 2 / ¯2\
]_aNp λ tl'q_p_twvAq_a4kma








no]_a4`&lua4{aWl2nuy½Va¦y{pVltwma4soaN&@l«luq_½m·U`q_~nut}_t~aNsolN¯ ¥ p ,  / §/a.]×@a.laN}s¢noaNno]_adsoa4@q_{s , ª®q_pVÁ·not~y@pl / }VsunolmaNp_ynoaN!{l {·} , lua4aiGaWÁnuty{pZ / pEnu]_anuy@`tw,mtwlnosut½_qmnot~y@pC}{snl4¯2bdynutwa,no]¢n
{zi+1} = {żi}
¯2À.wluy
D{zi} = {zi+1} + νi , lua4aiGaWÁnot~y@p! / ¯Xfp~kZno]_a&Ðdts{`7aN{luq_soaNl
νi
pVnot~`7a7ª®q_pnuty{plsoalut~@p_aN­¯ É y@plaWvAq_a4pAnukZt`}Iy@lutp_
λ ≥ 0twl`7aNpt~p_@~aWlultp8@a4p_aNso{T¯³Àdp_yno]_a4s7}Iy{tpAn7y{ªfGta4§ twlnuy{lolaNsn¨nu]n





tp ,K-  / ¯Xfqs{t~` twl!p_y¢§ nuy }_soy{}Iy@lua¾¶`&¢nu]a4`&¢notN¦ª®y{so`q_w¢not~y@p }}_~tw4{½_a±noy¶no]_aËlnoqmk¹yªy{q_s
}suy@½_~aN`!¯ an.ql
]a4soa,{luy&lq}_}VyAla¦no]¢n
CAr−1B 6= 0 , t~pG{aNsnot~½~a,t~ª m ≥ 2 / ¯
  ôN4  ô( Ç ¡  UÇ  ³¡  ô  ¯CÀ³`&¢no]_a4`&nutw4A}_soy{½_a4`*no]¢n$}_}IaN{sol(lq_t~no{½_aMª®y{s(nu]a/lnuq_k¦y{ª
no]_aMmkGp{`tw4l­t~p ,  / ´ , ¢ / ´ , { / y@pltwlnolInuy 8Vp z1, ..., zr ∈ Tr−1(IR+) {p ξi ∈ Tr−1(IR+) (1 ≤
Ñ®ÒÓ­ÑÌÔ
 
				 ! "$#% &	'
 -0
































Dz1 − z2 = 0
Dz2 − z3 = 0
Dz3 − z4 = 0
¯¯¯
Dzr−1 − zr = 0
Dzr − CArW−1z = CAr−1Bλ





























ν1 := Dz1 − {z2} 
ν2 := Dz2 − {z3} 
ν3 := Dz3 − {z4} 
¯¯¯
νr−1 := Dzr−1 − {zr} 
νr := Dzr − CArW−1{z}  (= CAr−1B  λ)
, @ /
{p








ϕ dνi, ∀ϕ ∈ C∞0 (I) ,  0A/
§]a4soa
dνi
twl.&iAnuta4~nôzaWl`7aN@lq_soa,{aNp_a4s¢noaN½GkE F∞(Ĩ ; IR) ·=ª®q_pnuty{p­¯
anqlpy¢§ maNp_ynoa




〈 Dzi , ϕ〉 =
∫
I
ϕ d{zi}, ∀ϕ ∈ C∞0 (I), , @ /
no]¢n.twlwluy¨no]_aiAnuta4~nôzaWl.`7aN@lqsua¦{aNp_a4s¢noaN½Ak {zi} ¯ ¾alua4a¦nu]n
dνi = d Dzi − {zi+1} = d{zi} − {zi+1}(t)dt, (1 ≤ i ≤ r − 1) ,  -/
{p
dνr = d Dzr − CArW−1{z} = d{zr} − CArW−1{z}(t)dt. , @ /
Ó(ÓØ[è+\ÁðÁç






lu}IaNt=8aWtpiGaWÁnot~y@p , lua4a ,  / {p ,  // ¯¨\
]a4y{plnustpAnolf§t~2½Va&lu}VaWt=8aN¿p¾mtwlu4qlolaWtpno]_a,ª®y{y¢§t~p_7luaNÁnot~y@p­¯
Ã ³¡m      $&L9+>?	+'>?O	  >7L   +>!  $# 




 9 +> 	+	
O> I#
 ;AB	 ≤ i :O$<= λ     +> 	+	
O> I#   AB	 ≤ r + 1  +>9	
+O< >IW>$> z1 ≡ {z1} #" >7L"	 K #" WI'
 #     $ 
ξ̇(t) = Aξξ(t) +Bξz1(t), ∀t ∈ I.




 +#& + A L
>7L>
tn → t∗
 %  L@ 




&    &$# 
ξ(.), z1(.)
	 
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]_a±Ðftlnusot~½qmnuty{p{ P_y@su`&{~twl` y@p@ntpl{~dnu]_atpm·
ª®y@su`&nuty{p¾y{pnu]amkGp`7tw4lN¯Êdy¢§'aN{a4sW´­t~n§/y{q_w¾½VaE4y{pG{aNp_ta4pAn,nuyZa4pVq_}Ë§t¸no]³  Á§/aN{²{a4s 










































dz1 = z2(t)dt+ dν1
dz2 = z3(t)dt+ dν2
dz3 = z4(t)dt+ dν3
¯¯¯
dzi = zi+1(t)dt+ dνi¯¯¯
dzr−1 = zr(t)dt+ dνr−1
dzr = CA
rW−1z(t)dt+ CAr−1Bdνr















´Vt~pG@y{²{aWt~p!no]_a¨lukmlnoa4` ,  /,  / {suay{ªMma4@suaNa ≤ 1 pno]Gql  T = T ¯2Ê.a4soa{´m§/a]×@a¦{luy {zi} ≡ zi (1 ≤ i ≤ r) ¯





    B	 '%
ν1 = 0

B>7L   +$> I#
z1(·)
 W 
< O>!< 5'#> $#%  
;     	
  +#  +  L>?$@ 
<6'> 	+I'< '$	'O$>I $>7
r = 1>7L#   +	<= $#"'# +>!
# >W$# $>?I< A>! #
z1
   <6A >!
ν1(= λ)
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x ∈ IR ma
8Vp_aN½Gk
TΦ(x) = cone(Φ − {x}) ,  /
§]a4soa
cone(Φ − {x}) _a4p_y{nuaNlnu]_a4y{p_a,@a4p_aNsonuaN½Gk Φ − {x} ¯'\
]_ama8p_t~nuty{pZtp ,  / ~y¢§.lqVl/nuy7no{²{a,tp@noy&{44y{q_pAn.y@plnustp@nl/Aty{w¢not~y@plN¯bdynua,no]¢n
TIR+(x) =
{
IR if x > 0








z ∈ IRr ´_§'aluan
Zi = (z1, z2, ..., zi), (1 ≤ i ≤ r). , @ /
¾ama8p_a
T 0Φ(Z1) = Φ, T
1
Φ(Z1) = TΦ(z1), T
2
Φ(Z2) = TT 1Φ(Z1)(z2),
T iΦ(Zi) = TT i−1Φ (Zi−1)
(zi).
Ã ³¡m    
m ≥ 2 >7L# Φ = (IR+)m #"












iGnosunutp_ª®soy{` ,  / ´ ,  / nu]a¦a4©Gnua4pVmaN!lu§'aNa4}_tp_7}_soyG4aNlol/tl§sot~nnuaNp@l/ª®y{~y¢§.l
dνi ∈ −∂ψT i−1Φ ({Zi−1}(t−))({zi}(t
+)) on Ĩ , (1 ≤ i ≤ r) , { /
§t~nu]
dνi
tp ,  0 /  , @ / ¯³\
]_a!la4nol ∂ψT i−1Φ ({Zi−1}(t−))({zi}(t+))
soaEp_y@p_a4`7}mnkË4~yAlaW³y@pA@a©
4y{p_aWl$pnu]_aNsua4ª®y{soa«no]_atpqlut~y@pl$t~p , @ / `&²@a/lua4plua , lua4a.iGaWÁnuty{p& / ¯$.aN4{~Gno]¢n I =]0,+∞[{p
Ĩ = [0,+∞[ ¯
Ã ³¡m     '<$< >7L>Y 
zi ∈ T i−1Φ (Zi−1)
>7L#
∂ψT i−1Φ (Zi−1)
(zi) = {w ∈ IR : 〈w, v − zi〉 ≤ 0, ∀v ∈ T i−1Φ (Zi−1)}
 >7L;O> 	 #"	  <:'#">!





T i−1Φ (Zi−1) = IR ⇒ ∂ψT i−1Φ (Zi−1)(zi) = {0},
T i−1Φ (Zi−1) = IR
+ and zi > 0 ⇒ ∂ψT i−1Φ (Zi−1)(zi) = {0},
T i−1Φ (Zi−1) = IR
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4~qVlty{p








dνr ∈ − ∂ψT r−1Φ ({Zr−1}(t−))({zr}(t
+)) on Ĩ ,
tp , { / ¯\
]_a}VyAlt~nutGt¸nkZy{ª λ tl¦p_y¢§q_pVma4slnoyGyG±{lfnu]_a}Iy@lut¸not~Gt~nky{ª νr , lua4a7wly\
]_a4y@suaN` -½Ia4y¢§ / ¯
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Drz1 = Dzr = CA
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z1, ..., zr ∈ Tr−1(I)
{p
































Dz1 − z2 = 0
Dz2 − z3 = 0
Dz3 − z4 = 0
¯¯¯
Dzr−1 − zr = 0
Dzr − CArW−1z = CAr−1Bλ
Dξ = Aξξ +Bξz1
, { /
Ó(ÓØ[è+\ÁðÁç
   '	5> <
λ = (CAr−1B)−1[D(r−1)  Dz1 − {z2}  + . . .+

























d{z1} − {z2}(t)dt ∈ −∂ψT 0Φ({Z1}(t
+)),¯¯¯
d{zi} − {zi+1}(t)dt ∈ −∂ψT i−1Φ ({Zi−1}(t−))({zi}(t
+)),¯¯¯
d{zr−1} − {zr}(t)dt ∈ −∂ψT r−2Φ ({Zr−2}(t−))({zr−1}(t
+)),
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(t) ∈ −∂ψT i−1Φ ({Zi−1}(t−))({zi}(t
+)),





(t) − CArW−1{z}(t) dt
dµr
(t)] ∈ −∂ψT r−1Φ ({Zr−1}(t−))({zr}(t
+)),
dµr − a.e. t ∈ Ĩ . , A /
|/kE4y{pG{aNpAnuty{p­´G§/a,luan







Ã ¡(  Ã    Ã   Ã  T¡   (Ç  ³¡  ô  $cdlut~p_ , { / {p , { / ´{y@q_s$`7nu]_aN`&¢nutw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zi ∈ F∞(Ĩ ; IR) (1 ≤ i ≤ r)
{p
ξi ∈ F∞(Ĩ ; IR)(1 ≤ i ≤ n− r)
lqV]no]¢n
dzi − zi+1(t)dt ∈ −∂ψT i−1Φ (zi−1(t−))(zi(t
+)) on Ĩ (1 ≤ i ≤ r − 1) , { /
(CAr−1B)−1[dzr − CArW−1z(t)dt] ∈ −∂ψT r−1Φ (zr−1(t−))(zr(t
+)) on Ĩ , A /
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ξ̇(t) − Aξξ(t) −Bξz1(t) = 0, a.e. t ∈ Ĩ , @ /
\

















(t) ∈ −∂ψT i−1Φ (zi−1(t−))(zi(t





(t) − CArW−1z(t) dt
dµr
(t)] ∈ −∂ψT r−1Φ (Zr−1(t−))(zr(t
+)),
dµr − a.e. t ∈ IR. , A /
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D ∈ IRn−r 
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ẋ(t) ∈ F (x(t))   $#  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(t) − {zi+1}(t) dtdµi (t), v − {zi}(t
+)〉 ≥ 0, ∀ v ∈ T i−1Φ ({Zi−1}(t−)),
dµi − a.e. t ∈ Ĩ (1 ≤ i ≤ r − 1)
〈(CAr−1B)−1[d{zr}
dµwλ
(t) − CArW−1{z}(t) dt
dµr
(t)], v − {zr}(t+)〉 ≥ 0,
∀ v ∈ T r−1Φ ({Zr−1}(t−)), dµr − a.e. t ∈ Ĩ
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(z1, ..., zr, ξ) ∈ (Tr−1(I)n
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z1 = {z1} ∈ F∞(Ĩ ; IR)

zi ∈ Ti−1(I) (2 ≤ i ≤ r), ξ = {ξ} ∈ (F∞(Ĩ ; IR))n−r
#"
({z1}, ..., {zr}, ξ)
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(w1, ..., wr , ξ) ∈ (F∞(Ĩ ; IR))n
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(z1, ..., zr, ξ)
; #"  
z1 := w1#"













(2 ≤ i ≤ r),
&
#
(z1, ..., zr, ξ) ∈ (Tr−1(I)n
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 Ã  ³¡  ! >
z1, . . . , zr ∈ IR
 $@
# #& <=>
σ1, . . . , σr ∈ IR
+' >$>
σi ∈ −∂ψT i−1Φ (Zi−1)(zi)

	W<$<





(zr) ⊆ ∂ψΦ(z1)<=	 *	@
	 
{
z1 > 0 =⇒ σr = 0
z1 = 0 =⇒ σr ≥ 0.
Ñ®ÒÓ­ÑÌÔ
 
				 ! "$#% &	'
 A















− ¯ Ðfa4}Ia4p_t~p_8y{pµno]_a¢q_aNlEyª z2, . . . , zi ½Ia4tp_³}Iy@lut¸not~@ay{spy{pm·U}VyAlt~nut{a@´.y{pa±`&×k8]V×{a
∂ψT iΦ(Zi)(zi+1) = IR
− y{s ∂ψT iΦ(Zi)(zi+1) = {0}
ª®y{s!
1 ≤
i ≤ r − 1 ¯ ¥ p_a4aN {lolq`a±nu]n z1 = z2 = . . . = zj = 0 p zj+1 > 0 , nu]_twlt~`7}_taNlno]¢n
z  0 / ¯\
]a4p Φ = T 0Φ(Z1) = T 1Φ(Z1) = T 2Φ(Z2) = T 3Φ(Z3) = . . . = T jΦ(Zj) = IR+ pV
T
j+1
Φ (Zj+1) = T
j+2
Φ (Zj+2) = . . . = T
rrλ−1
Φ (Zr−1) = IR
¯(\
]tl­Np ½Valua4aNp lutpaª®y{s&tplno{pa
T j+2(Zj+2) = TT j+1Φ (Zj+1)









− ª®y{sd{~ 0 ≤ i ≤ j ´§]_aNsuaW{l ∂ψT iΦ(Zi)(zi+1) = {0}
ª®y@s




j+2 ≤ i ≤ r ¯ É y{pluaNvAq_aNp@no~k σr ≥ 0 §]_aNp z1 = 0 ¯2\
]_aft~pVqlty{pEtl/wly}suy¢@aNC¯
an
t ∈ Ĩ ½Va{t{aNp­¯À mt~soaNn,4y{pluaNvAq_aNpayª«nu]_a7]_t{]_aNsfy@so_a4s,l§/a4aN}_t~pE}_soymaNlol,}_}IaN{sol¦{lluyGy{pE@l«y@p_a¦`aW{luq_soaNl2no]_ala4n {t} §t~nu]no]_a,.{my@pE`7aN@lqsua dνi ¯ ¥ pmaNaNC´m@l/lua4aNptpiGaWÁnuty{p!m´§/a,{a4n/ª®soy{` , @ / 
dνi({t}) ∈ −∂ψT i−1Φ ({Zi−1}(t−))({zi}(t
+)). ,  /
\
]a4p
dνi({t}) = d{zi}({t}) − {zi+1}(t)dt({t}) = d{zi}({t}) = {zi}(t+) − {zi}(t−)
ª®y@s.
1 ≤ i ≤ r − 1 ´_{p
(CAr−1B)dνr({t}) = d{zr}({t}) − CArW−1{z}(t)dt({t})
= d{zr}({t}) = {zr}(t+) − {zr}(t−).Xf½GGty{qlu~k@´{no]_alo`7afsoaNluq_~n/]y{w_l
t~pnu]afª®s`7aN§'y@su²yª(nu]_a,`7aN@lq_soa,mt¸¼Ra4soa4pAnot{Vª®y@su`&{~twl` , t~pno]_twl.4@la





   Ç «Ç ô Ç   !:>
t ∈ Ĩ  $@ # %  @
{zi}(t+) − {zi}(t−) ∈ −∂ψT i−1Φ ({Zi−1}(t−))({zi}(t
+)), (1 ≤ i ≤ r − 1) ,  - /
#"
{zr}(t+) − {zr}(t−) ∈ −CAr−1B ∂ψT r−1Φ ({Zr−1}(t−))({zr}(t
+)). , { /
Àdp_yno]_a4s._t~soaNn4y{pluaNvAq_aNpa,y{ª , { / twl/nu]n
{zi}(t+) ∈ T i−1Φ ({Zi−1}(t−)), (1 ≤ i ≤ rwλ). ,  /
Ó(ÓØ[è+\ÁðÁç
{   '	5> <
Xfqs.y{pG@a4pAnuty{pt~p , A / nuy@{a4nu]_aNs/§t~nu] ,  / kGta4w
{zi}(0+) ∈ z0,i − ∂ψT i−1Φ (Z0,i−1)({zi}(0
+)), (1 ≤ i ≤ r − 1)
{p







Z0,i = (z0,1, . . . , z0,i)
¯
   ÃGÇ   Ã   !:
>
t ∈ Ĩ  $@ # $&L#
0 ≤ z1(t+) ⊥ dνr({t}) ≥ 0 ,  /
   Ç­Ç ¤ anql 8slnsoaNN , laNa&a4`&so²± / no]¢n z1 = {z1} ¯7eZy@suaNy¢{a4s z1(t+) ∈ Φ {p±nu]Gql
z1(t
+) ≥ 0 ¯ P_soy{`
















dνi = χi(t)dt+ dJi, , { /§]a4soa






   Ç «Ç ô Ç   %  @
χi(t) = 0, a.e. t ∈ Ĩ , (1 ≤ i ≤ r − 1), ,  /
χr(t) ∈ −∂ψT r−1Φ ({z1}(t−),...,{zr−1}(t−))({zr}(t
+)), a.e. t ∈ Ĩ , , @ /
#"
0 ≤ z1(t+) ⊥ χr(t) ≥ 0, a.e. t ∈ Ĩ . ,  /
   Ç­Ç ¤ ­a4n
1 ≤ i ≤ r − 1 ½Ia7{t{aNp­¯ ¿a²Gp_y¢§no]¢n Dzi = zi+1 pnu]Gql {Dzi} = {zi+1} ¯\
]Gql






t ∈ Ĩ {p ,  / ]y{w_l4¯\
]a&suaWlq_~nt~p , @ / twl!mtsuaWÁny@plaWvAq_a4p4a7yª 2  - ´(\
]_aNy{soa4`h 3 ¯\
]_a4y{`7}_a4`7a4pAnsot¸nksuaWlq¸ndtp ,  / 4{pZ½Va}_soy¢{aWZ{l.tp¿\
]a4y{soa4` - no]p²Gl.nuy , @ / {p ­aN`7`7
- ¯
\
]a4y{soa4` - t`7}_t~aWlno]¢ny{p³tpAnua4so¢wl [τ − ε, τ) ´ ε > 0 ´2y{pË§]_tw] z1(t) = 0 ´$nu]_aNsuaa©mtwlnl`¨q_~nut}_~ta4s
λ(t) := dνr({t})
nu]V¢n½Ia4y{p_Al,nuy −∂ψIR+(0) = IR+
´aNvAq_t¢a4pAnuk±§]t]³lo¢notlK8aNl
0 ≤ z1(t+) ⊥ λ(t) ≥ 0
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z1(t) = 0 





[τ, τ + ε)
 &%  !  
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t ∈ [τ, τ + ε)  & > 	+   Q>7%  !  






λ 7→ w  $ CAr−1B   CAr−1B   
  > 	+    
  >7L# >7L!  
 $#
  5L O# < O> I# 
	# 
CArW−1{z}(t+)   #& +>$>Y:L#  '	
>  "$# 5>$'# >?$# % #" WI'
  #"  $<$< >!A@ #>!   >7L  	! "	

# >B>?I#V>!'#L+>?	+'> # !  










m ≥ 1 ¯
   Ç «Ç ô Ç   !:>
m ≥ 1  &L 
<$<= $#  
O$@<=#"'
WL<6 
	5<$< 1 ≤ i ≤ r − 1 #&<$<
t ∈ Ĩ 











tp , @ /W, y@sdtp , @ / · , G /K/ ¯ ¾ap_y{nutwawly&no]¢nfnu]_a¨~y¢§/a4sdnusot{p_{q{sdlnosuqVÁnuqsuay{ª2nu]_ano{p_{aNp@n4y{p_aWld§]t]±{}_}IaNs¦tp , @ / `aNsuaN~k!soa	aWÁnl.no]_a¨§
×knu]_a`7aN@lq_soaNl dνi {}_}IaNsft~p , A /W, y{s¦tp, { / · , A // ¯
   Ç «Ç ô Ç  !:>
m ≥ 1  "    >7L>>7L  > 	+  CAr−1B      >?	+I' #"  L+$>?$@A#$>! $&L# 
	<$<
t ∈ Ĩ 
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	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>!	 W$#& > +   $#+>B#>?  &L 
	  <    $# 
  '	+	+  #& V>!    $#"     &<= +> I' 
   '>IV$#&'Q>$ %  K		 $#"'#+ >!#>	+$@> $@ 
 +   >! "	 +>  
O$>!W  +	
<=*>B
$#&'	  	>BW  	#> +       1  $# V>7L	+ %>?L#" +IA+#& '#%$#% >7L	?  #>$#
>7L+  	#> I<  	  {zi}(t+) >! {zi}(t+)+ei{zi}(t−)1+ei
    
 $&L# 
   '  
















& 'LI'   >7L '  'I
# >I
ei
AB #"  #5>7L  A "< I'> I#    	  
  $> 
<$<=  >$>
 
T iΦ({Zi}(t−)) = (IR+)m
#"  {zi+1}(t−) < 0  >$
# {zi+1}(t+) = −ei+1{zi+1}(t−)  	
m ≥ 2 #";O#  
	  	<=> $@B	  >$
#Q+ ;$<=	 
	> I#*'#  
	
	    W@ 	 $#+'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{sua¨soqtw(}_suy@}VaNsnot~aWlª®y@sd§/a4¸·U}VyAlaWmp_aWluldsuaWlq_~nol 2 0 ´I 3 {py@pAnusoy{ ¢lno½t~t¸nk 2=- m´I - ´R{m´ -  3 ¯\
]afª®y@~y¢§tp_7suaWlq_~nol{sua,y@pluaNvAq_a4pAno~ky{ª(tpAnua4soaNlnN¯
 Ã  ³¡   ! >
z1, z2, ..., zr ∈ IR
 $@# $&L 
<$<= $#  $#&'
< %+I#QL<= 
∂ψT i−1Φ (Zi−1)




1 ≤ i ≤ r 
   Ç­Ç ¤ an





y{ªM~aN`7`7 - ´Cy@p_a]@l ∂ψT iΦ(Zi)(zi+1) = IR−
ª®y@s¦{~
0 ≤ i ≤ j ´Cp ∂ψT iΦ(Zi)(zi+1) = {0}
ª®y@s
{~
j + 1 ≤ i ≤ r − 1 ¯.iGyy{palaNaNl
no]¢ndtp}{snot4q_wst~n¦§
×kGl







1 ≤ k ≤ r − 1 ¯an
z ∈ IRr ½IaZ{t{a4p¯µ\
]amy{`&tpµp8nu]aZ{s}_] yªfnu]_aZ`¨q_¸not~¢{~q_aW y{}Ia4s¢nuy@s x →
∂ψT i−1Φ (Zi)
(x) , 1 ≤ i ≤ r / {sua,{t{aNpEsoaNlu}VaWÁnot~@a4k½Gk
D(∂ψT i−1Φ (Zi)





				 ! "$#% &	'
  -
{p
G(∂ψT i−1Φ (Zi)) := {(x, y) ∈ IR × IR : x ∈ D(∂ψT i−1Φ (Zi)) and y ∈ ∂ψT i−1Φ (Zi)}.
¥ ntwl,§'aN~~·U²Apy¢§pZnu]nnu]_a7@so{}_]±y{ª'p¾y{}Ia4s¢noy{s¦§]_t]¾twlma
8paN¾{lfnu]_aluq_½Rmt~¼IaNsuaNp@not{$yª/






lua4`7twy@p@not~pGq_y@qlN¯ ¥ n.soaNluq_~nol/no]¢n G(∂ψT i−1Φ (Zi))
twl`7y{p_y{nuy{pa{´GtT¯ a{¯
〈x1 − x2, y1 − y2〉 ≥ 0, ∀(x1, y1), (x2, y2) ∈ G(∂ψT i−1Φ (Zi))
{ptlpyn}_soy{}Ia4so~ktp4~q_aNt~p!pGk`7y@p_ynoy{p_aluq_½luan.yª
IR × IR ¯Êda4soa,§'a,]×@a
T i−1Φ ({Zi−1}(t−)) 3 {zi}(t+) ⊥ −dνi({t}) ∈ ∂ψT i−1Φ ({Zi−1}(t−))({zi}(t
+)). ,  /
Py{sa©_{`}~a@´_lq_}}VyAla¦nu]V¢n
T i−1Φ ({Zi−1}(t−)) = IR+
´ ∀t ∈ (T1, T2] ª®y@s.ly@`7a 0 ≤ T1 < T2 ¯\
]a4p!{l&y@pluaNvAq_a4pVa¦yª ,  / ´_§/a,{an
no]_amtwlulut~}V¢nutGt¸nkE}_suy@}VaNsnk
〈{zi}(t+1 ) − {zi}(t+2 ), dνi({t+1 }) − dνi({t+2 })〉 ≤ 0, ∀t1, t2 ∈ (T1, T2), (1 ≤ i ≤ r).
¾ap_y{nutwa¦nu]nª®suy@` , { / §/a{an
TΦ({z1}(t−)) 3 {z2}(t+) ⊥ −dν2({t}) ∈ ∂ψTΦ({Z1}(t−))({z2}(t+)) ⊆ NΦ({z1}(t+)) , @ /
§]t]tl
vAq_t~nualt`7t~ws'nuyno]_a¦4y{p_a É x yª­no]_alaWy{pVy{smaNs/lu§'aNa4}_tp_¨}_suym4aNlol , laNa 2 ¢´m{ 326- G´Ï'v@q¯ ,K-  /!3$/ ¯M\
]_twl























1 0 . . . 0 0
0 1
¯ ¯ ¯ ¯¯¯ ¯¯¯
¯¯¯ ¯ ¯ ¯ ¯ ¯ ¯
0
¯¯¯
0 . . . 0 1 0











∈ IRr×r , A /
{p
H = (Ir 0n−r) ∈ IRr×n
¯¨bdynot4a¨no]¢n,no]_a7y{}Ia4s¢nuy@s
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«Ç ô Ç      TN  ¡m Ç  (Ã ¡  ô Ä 
 !:
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    $>7
m = 1
 !:












  $@#$# 
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dν := (dν1, ..., dνr, 01×(n−r))
T .
¾a]×@a
d{z} = WAW−1{z}dt+ Ḡdν = WAW−1{z}+dt+ Ḡdν ,  /
{pnu]_aNsua4ª®y{soa
Jd{z} = JWAW−1{z}+dt+ JḠdν = JWAW−1{z}+dt+HT dν.
¥ n.soaNluq_~nol/no]¢n
({z}+)T Jd{z} = ({z}+)T (JWAW−1{z}+)dt+ ({z}+)THT dν.
Êda4soa
({z}+)THT dν = ∑ri=1{zi}+ dνidµi dµi
{pµno]AqVl




t ≥ 0 ¯É y@pluaNvAq_a4pAno~k






d{zi}2 + (CAr−1B)−1d{zr}2 + d(ξT Jξξ)
Ñ®ÒÓ­ÑÌÔ
 
				 ! "$#% &	'
 @






2{zi}+d{zi} + 2(CAr−1B)−1{zr}+d{zr} + 2ξTJξdξ = 2({z}+)TJd{z}
{pEnu]Gql
d({z}TJ{z}) ≤ 2({z}+)T Jd{z} = 2({z}+)T (JWAW−1{z}+)dt =
= ({z}+)T (JWAW−1 +W−TATW TJ){z}+dt.
\
]a4pª®y{s
0 ≤ t1 ≤ t2
´_§'a,@an




{z}(s+)T (JWAW−1 +W−TATW TJ){z}(s+)ds ≤ 0.
xMsoy{}Iy@lut~nuty{p{pEt~nol.}_suyGy{ª(soa¦lut`tws
nuy 2 m´_xMsoy{}Iy@lut~nuty{p! 3 p 26- G´ a4`7`& 3, lua4awluy
26- _´\
]_a4y@suaN` -- ¯  3$/ ´m§]_t]!}}_~kEnuy {{sp_@t{pElukGlnuaN`&l
y{s
nuyno]_a4@la r = 1 ¯

   "+ %" * "+  "+   
andqVl98sln¦ln¢nualuy{`7a@_mt~nuty{p{­}_soy{}Ia4sunutaNly{ª$nu]_aluy{qmnot~y@pZyª2}_soy{½_a4` , { /,  0/, @ /, @ / ¯.aN4{~'nu]V¢nª®y@s
z ∈ IRn ´M§/aEqluano]_apynonuty{p zT = (z̄T , ξT ) @ltp ,K-  / §t¸no] z̄ ∈ IRr pV
ξ ∈ IRn−r ¯
   Ç «Ç ô Ç  "   W>$>
CAr−1B > 0
 ! >
t ≥ 0 $@ #   	 {z1}(t−) > 0 >7L#>7LO#&'
> I# {zi}(.) 




> I# {zi}(.) (2 ≤ i ≤ r)  '#> $#% > t  $$  	 {zi}(t−) ≤ 0 
	<$<
1 ≤ i ≤ j #" {zj+1}(t−) > 0 >7L#>7L O#"'> I# {zl}(.) (j + 1 ≤ l ≤ r)  W'#> $#%>
t

   Ç­Ç ¤ \
]a¨¢q_aWl.yª2no]_a7y{paNl.tpno]_at~p4~qVlty{pldt~p , @ / ]V×{a½Ia4aNp±y@`}qmnuaWtpZnu]_a}_soyGyªy{ªa4`7`& - ¯M\
]_asoaNluq_¸n
ª®y@~y¢§.l'ª®suy@`þxMsoy{}Iy@lut¸not~y@plm´_&{p , { / ¯t / ¥ ª {z1}(t−) > 0 no]_a4p T i−1Φ ({Zi−1}(t−)) = IR p ∂ψT iΦ({Zi}(t−))({zi+1}(t+)) = {0}
ª®y@sd
1 ≤ i ≤ r ¯tt / ¥ ª {z1}(t−) ≤ 0 §/a7y{½mntp±ª®soy{`hxMsuy@}VyAlt~nuty{pËEnu]V¢n {z1}(t+) = 0 ¯ Xfpa&]{l
TΦ({Z1}(t−)) = IR+
{p {z2}(t−) > 0 ¯\
]_aNsua4ª®y{soa,ª®suy@` , { / §/a{a4n {z2}(t+) = {z2}(t−) >
0
¯bdy¢§









# {z̄}(0+) = {z̄}(0−) = z̄0 W$ 	
t > 0
#& {z̄}(t−)  0 >$
# {z̄}(t+) = {z̄}(t−) 
Ó(ÓØ[è+\ÁðÁç
{   '	5> <
   Ç­Ç ¤ t / ­an 1 ≤ j ≤ r luq]nu]n {z1}(0−) = ... = {zj−1}(0−) = 0 {p {zj}(0−) > 0 ¯ Psuy@`x«suy@}VyAlt~nuty{p!m´_§/a,y{½mntpno]¢n {zl}(0+) = {zl}(0−), ª®y@s. j ≤ l ≤ r ¯ ­a4n 0 ≤ i ≤ j − 1 ¯ ¿a]V×{a
−{zi}(0−) = 0 ∈ ∂ψT i−1Φ ({Zi−1}(0−))({zi}(0
−))
{p






〈−{zi}(0−) + {zi}(0+), {zi}(0−) − {zi}(0+)〉 ≥ 0
ª®soy{`þ§]_t]§/amaNmqVa¦nu]n {zi}(0+) = {zi}(0−) ¯«\
]Gql {z̄}(0) = {z̄}(0−) = {z̄}(0+) ¯\
]alu{`7asuaWlq¸nd]y{w_l.t~ª {z1}(0−) = ... = {zr}(0−) = 0 ¯.Àdl¦½Iy¢{a@´_§/alaNanu]V¢n {zi}(0+) =
{zi}(0−),
ª®y{s.{~
1 ≤ i ≤ r − 1 ¯$ey{soa4y¢{aNsN´A§/a¦]V×{a
−(CAr−1B)−1{zr}(0+) ∈ ∂ψT r−1Φ ({Zr−1}(t−))({zr}(0
+)).
{pwly





− {zr}(0−) + {zr}(0+)
)
, {zr}(0−) − {zr}(0+)〉 ≥ 0
{pEnu]Gql {zr}(0−) = {zr}(0+) ltp4a (CAr−1B)−1 > 0 ¯tt / \
]_a,}_suyGy{ª(yªnu]tlsoaNluq_~ntl.lut`tws/nuy7no]_ay{p_a,y{ª(}{snt / ¯
 Ã  ® Ç   !:>














t ∈ [a, b)  >7L	A >? ;	+ %>#&
  	L1
[t, σ) (σ > 0)
+' >$> >$	++> 	+I'
> I#   {z} >B [t, σ)  #&< > I' 





z̄0  0, z̄0 6= 0
;$@





   
  
 A >? >7L# >7L	 +>?
η > 0
+'Q>$>
z ≡ {z}  #"< > I'W# [0, η) #"
z1(t) > 0, ∀t ∈ (0, η)





 0 )( @ )( A ) ]V{ldly@~q_nuty{p z = (z̄, ξ)T ¯¦cdlut~pExMsoy{}Iy@lut¸not~y@p 0 ´I§'a8Vsolnsoa4`&so²±no]¢n {z̄}(0) = z̄0 {p³lut~p4a z̄0  0, z̄0 6= 0 ´$no]_a4soaa4©Gtwlnol α > 0 (1 ≤ α ≤ r)luq]±nu]n {zα}(0) > 0 {p {zk}(0) = 0 ª®y@s,{~ 1 ≤ k ≤ α − 1 ¯ ¾a4{t~` no]¢n,no]_a4soa¨a4©mtlnol
η0 > 0
lqV]nu]n {zα} tl¨y@p@not~pGq_y@qly@p [0, η0] ¯ ¥ pVma4aWC´2lq_}}VyAlay@pnu]_ay@p@noso{suknu]nª®y{saW{]
η0 > 0
nu]_aNsua7a4©Gtwlnol}Vy@t~pAn
t̄ ∈ [0, η0]
luq]¿nu]n {zα}(t̄+) 6= {zα}(t̄−) ¯7\
]_a4p¾§/a`&×k8VpZluaNvAq_a4pVayª2}Iy{tpAnol {ti}i∈IN luq]!nu]n ti → 0+ {p {zα}(t+i ) 6= {zα}(t−i ) ¯\
]_aNpZqlut~p_,  -1/ {p , { / ´­§/amaWmq4a¨no]¢np_aWaWlulosot~k {zα}(ti) = {zα}(t+i ) ≤ 0, ∀i ∈ IN ¯7\
]_a¨ª®q_pnuty{p
{zα}
tl,sot~@]An·ºy{pAnot~pGq_y@qlf{p±nu]Gql {zα}(0) = limi→∞{zα}(ti) ≤ 0 ¯7\
]_twl,tly@pAnus{mtwÁnot~y@plutpa {zα}(0) > 0 ¯\
]AqVl {zα} = zα twl¦4y{pAnutpGq_y{qVl.y{p [0, η0] ¯Psuy@`no]_a7]tp±y{ªMt~pAnuaN{s¢noy{sl
Ñ®ÒÓ­ÑÌÔ
 
				 ! "$#% &	'
 A
tp , { / §/alaNawly7no]¢nno]_aª®q_pnuty{pl {zk} = zk (1 ≤ k ≤ α − 1) soay@p@not~pGq_y@ql
y{p (0, η0) ¯\
]a4soaª®y{soafnu]_aNsua,a©mtwlnl
η ∈ (0, η0)
lqV]no]¢n
zα(t) > 0, ∀t ∈ [0, η).
ey{soa4y¢{aNsN´@ª®y{s.{pGk
1 ≤ k ≤ α− 1 ´m§/a,]×{awluy
zk(t) > 0, ∀t ∈ (0, η)
lutpa








z1(t) > 0, ∀t ∈ (0, η)
pno]AqVl






1 ≤ i ≤ r {p{~ t ∈ (0, η) ¯2cdlut~p (CAr−1B)−1 6= 0 ´G§/adlaNa.no]¢n



























żj = zj+1 (1 ≤ j ≤ r − 1)
żr = CA
rW−1z





z(t) = WeAtW−1z0, ∀t ∈ [0, η){pEnu]_asoaNluq_~n/ª®y@~y¢§.lN¯
   ÃGÇ   Ã    "   >7L>
CAr−1B > 0
 





!:1'< A >!#"' &
	5 A +>I
T > 0






> <= +>9#"	BO<=	 < O> I#
z ≡ {z} $@ #  
z(t) = WeAtW−1z0, ∀t ∈ [0, T );
  

z1(t) > 0, ∀t ∈ (0, T )  
   








	> W< O> I#  
  
  
    
   ;>$
#
>7L	  A +>?
T ∈ (0,min{T 1, T 2}] ' >7L> z1 ≡ {z1} # [0, T )  z2 ≡ {z2} # [0, T ) #"
{z1}|[0,T ) = {z2}|[0,T )

Ó(ÓØ[è+\ÁðÁç
@   '	5> <
   Ç­Ç ¤ ­a4nqlmaNp_ynoa½Gk
z = (z̄, ξ)T
no]_a&q_p_twvAq_aEluy{qmnuty{py{ª'no]_a X¦ÐfÏt~p ,  -/ y@p [0,+∞)@t~@a4p½Ak









z̄0,k = {zk}(0) = 0
ª®y{s&
1 ≤ k ≤ α− 1 ¯ ¿a4{t~` nu]nnu]_aNsua,a©mtwlnl ε > 0 luq]nu]n




α ≥ 2 no]_a4pZno]_a4soaa4©Gtwlnol ε > 0 luq]!nu]V¢n zα(t) > 0, ∀t ∈
(0, ε)
{pZ½Gkt~pAnuaN{s¢not~p_7no]_a¨]VtpZyªMtp@noa4@sonuy{sl
tpZnu]_alaWy@p!suaNnuty{pl.t~p ,  -/ ´R§'ay{½mntp8Vp~knu]n ,  / ]_y{w_lN¯
¾aE`&×kp_y¢§luan
T := sup{τ > 0 : z1(τ) > 0, ∀ τ ∈ (0, t)}
¯ É y@pmt~nuty{p , { / a4pAno{t~wlno]¢n
NIR+(z1(t)) = {0}
{p
T iΦ(Zi(t)) = IR
ª®y{s.
1 ≤ i ≤ r pEª®y{sf t ∈ (0, T ) ¯ ¥ nfsuaWlq_~nol/no]¢n
z
lo¢notlK8aWl«no]_asoa4w¢nuty{pVl
t~p , @ / · , A /, A / y{p [0, T ) ¯2\
]AqVl
}sunol  
 p   
 {sua¦}_soy¢{aWC¯
\
]tl,luy{qmnuty{p±lo¢notlK8aWl.no]_a5X¦ÐdÏ t~p ,  - / {pZno]Gqlfª®suy@` 4¦soy{pG§
T¬ l.a4`7`& , lua4aa{¯ ¯ 2 03$/ ´C§'a@an
‖z(t)‖ ≤ e‖WAW−1‖t‖z0‖, ∀ t ∈ [0, T ).¥ nª®y@~y¢§.l'nu]n    
 ]_y{w_lN¯
anEqVlp_y¢§ maNp_ynoa½Gk











z1(t) > 0, ∀t ∈ (0, η)
¯ an,ql,p_y¢§ luan
T := sup{τ > 0 : z1(τ) > 0, ∀ τ ∈ (0, t)}
¯ ¿a7²Gp_y¢§
no]¢n
T ≥ η > 0 ¯iGy´C§/a]V×{a NIR+(z1(t)) = {0}
p
T iΦ(Zi(t)) = IR
ª®y{s
1 ≤ i ≤ r {p{~
t ∈ (0, T ) ¯«\
]Gql z = {z} tl.luy{qmnot~y@py{ª(no]_a;X¦ÐfÏ ,  -/ y{p [0, T ) ¯«\
]_aluy{qmnuty{pyª$no]_tl.@ln}suy@½_~aN`twl.qp_tvAq_apt¸nfª®y{~y¢§.l.nu]nft~ª
z
twldEluy{qmnot~y@pZyª , @ / · , A / no]¢n,lunutwl.8VaNlno]_atp_t~nutw4y{p_t¸not~y@p


















!:1'< A >!#"' &
	5 A +>I
T > 0






> <= +>9#"	BO<=	 < O> I#
z ≡ {z} 
  
 ‖z(t)‖ ≤ e‖WAW−1‖t‖z0‖, ∀ t ∈ [0, T )










T ∈ (0,min{T 1, T 2}] ' >7L> z1 ≡ {z1} # [0, T )  z2 ≡ {z2} # [0, T ) #" {z1}|[0,T ) =
{z2}|[0,T )





ξ ξ0 = 0, ∀k ∈ IN
y{s   
 nu]_aNsuaEa©mtlnol
α ∈ IN lqV]nu]n dTξ Akξ ξ0 =




				 ! "$#% &	'
 G
É @la  ¡ 
 ¯MÊda4soa¦§/a]_aW²7nu]n
z ≡ (z̄, ξ)T = (0, eAξtξ0)T















żi(t) − zi+1(t) = 0, ∀t > 0, 1 ≤ i ≤ r − 1
(CAr−1B)−1(żr(t) − dT z̄(t) − dTξ ξ(t)) = −(CAr−1B)−1dTξ ξ(t) = 0, ∀t > 0,{p
ξ̇(t) = Aξξ(t) (= Aξξ(t) +Bξ0), ∀t > 0.
É @la   








ξ ξ0 < 0
¯
¾a]_aW²7nu]n
z ≡ (z̄, ξ)T = (0, eAξtξ0)T
twl~ymNCsoa4{q{s
luy{qmnot~y@py{ª , { /,  0/, @ /, @ / ¯M\
]_a4soa,a©mtwlnl σ > 0 luq]nu]V¢n
dTξ ξ
(α)(s) < 0, ∀s ∈ [0, σ)
lutpa
dTξ ξ
(α)(0) = dTξ A
α





t ∈ (0, σ) ½Ia{t{aNp­¯¿a]V×{a
dTξ ξ











dTξ ξ(t) < 0, ∀t ∈ (0, σ).
¾a]×@a
żi(t) − zi+1(t) = 0, ∀t ∈ (0, σ) (1 ≤ i ≤ r − 1)
(CAr−1B)−1(żr(t) − dT z̄(t) − dTξ ξ(t)) = −(CAr−1B)−1dTξ ξ(t) > 0, ∀t ∈ (0, σ){pEnu]Gql
(CAr−1B)−1(żr(t) − dT z̄(t) − dTξ ξ(t)) ∈ −∂ψT iΦ(0,...,0)(0) = IR
+, ∀t ∈ (0, σ).
ey{soa4y¢{aNs
ξ̇(t) = Aξξ(t) (= Aξξ(t) +Bξ0), ∀t ∈ (0, σ).








ξ ξ0 > 0
¯
Ó(ÓØ[è+\ÁðÁç
@   '	5> <
§/a]_aN²nu]n
z ≡ (z̄, ξ)T = WeAtW−1z0
twl2f~ym4{msuaN{q_ws$luy{qmnuty{pyª , { / ,  0A/ , @ /Y, @ / ¯ ¿a
²Gp_y¢§³no]¢n z twlnu]_aluy{qmnuty{pyªVnu]_alukmlnoa4`tp ,  -1/ ¯ ¾a]×{a z1(0) = ... = zr(0) = 0 {p
żr(0) = d
T z̄(0) + dTξ ξ(0) = d
T
ξ ξ0 = 0.
\
]a4p
z(2)r (0) = d
T ˙̄z(0) + dTξ (Aξξ0 +Bξz1(0)) =
= d1z2(0) + ...+ dr−1zr(0) + dr żr(0) + d
T
ξ (Aξξ0 +Bξz1(0)) = 0{ply7y{pq_pAnut
z(α+1)r (0) = d












z(α+1)r (t) > 0, ∀t ∈ [0, η).
\
]a4p§'a@an
zi(t) > 0, ∀t ∈ (0, η) (1 ≤ i ≤ r).
¾a¾`7×k¹py¢§hy@pqma¿nu]n
z
twl!8luy{qmnuty{p yª , { / ,  0/ , A / , A / y@p [0, η) ¯ ¥ pmaNaNC´¦t¸ª
t ∈ (0, η) nu]a4p NIR+(z1(t)) = {0}
pV −∂ψT i−1Φ ({Zi−1}(t−))({zi}(t
+)) = {0} (2 ≤ i ≤ r) ´RpV













§t¸no]Znu]_a¨q_p_twvAq_a¨luy{qmnuty{p , laNa 2 { 3 ´ 2 G´Inu]_aNy{soa4`
-3 y{s  nuy¬ l'nu]_aNy{soa4` tp 2=-  37/ yªno]_alukGlnuaN` 



























〈ż1(t) − z2(t), v − z1(t)〉 ≥ 0, ∀ v ∈ IR, a.e. t ∈ (0, T ),
〈żj(t) − zj+1(t), v − zj(t)〉 ≥ 0, ∀ v ∈ IR, a.e. t ∈ (0, T ), (2 ≤ j ≤ r − 1),
〈(CAr−1B)−1[żr(t) − CArW−1z(t)], v − zr(t)〉 ≥ 0, ∀ v ∈ IR+, a.e. t ∈ (0, T ),




















r (0) = 0, ∀k ∈ IN
y@s  
 nu]_aNsuaa4©mtlnol
α ∈ IN lq]!no]¢n z(k)r (0) = 0, ∀ 0 ≤ k ≤
α− 1 pV z(α)r (0) 6= 0 ¯¥ pN{lua  ¡ 
 ´W§/a2{a4n
zr(t) = 0, ∀t ∈ [0, η)
pfno]AqVl
z̄(t) = 0, ∀ t ∈ [0, η) ¯(\
]a4p −(CAr−1B)−1dξξ(t) ≥
0, ∀t ≥ 0 p ξ(t) = eAξtξ0, ∀ t ≥ 0 ltp4a z1 ≡ 0 ¯ ¥ n¦suaWlq_~nol.nu]n z(·) twldq_ptvAq_aN~kZma8p_aN±{lno]_aq_p_twvAq_aly@~q_nuty{pyª , × / y{p [0, η) ¯








r (0) > 0










r (t) < 0, ∀t ∈ [0, δ)
¯\
]a4p














zi(t) > 0, ∀t ∈ (0, σ) (1 ≤ i ≤ r)
´
NIR+(z1(t)) = {0}, ∀t ∈ (0, σ),
T iΦ(Zi(t)) = IR, ∀t ∈ (0, σ), (1 ≤ i ≤ r){p






8paN!{l'nu]aq_p_twv@qa,luy{qmnot~y@py{ª , × / y@p [0, η) ¯ey{soa4y¢{aNsN´×qlutp_ , × / §t¸no] v = 0 pVsoaNN~tp_¦nu]n (CAr−1B) > 0 ´{§'alua4a
nu]V¢n 12 ddt‖z(t)‖2 ≤
WAW−1z(t),
_¯ a{¯
t ∈ (0, T ) ¯¨\
]a4p¾qltp_ 4¦suy@pG§/{~=¬ lfa4`7`& , laNaa@¯ V¯ 2 037/ ´§'ay{½mntp±no]¢n










T i−1Φ (Z0,i−1); z0,i
]





T r−1Φ (Z0,r−1); z0,r
]
{p
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z ≡ {z} # (0, T )
  





A   '	5> <
   







0 (2 ≤ i ≤ r)
  
 {z̄}(0+) = z̄′0
 













T ∈ (0,min{T 1, T 2}] +'Q>$> 〈z1, ϕ〉 = 〈z2, ϕ〉, ∀ϕ ∈ C∞0 (]0, T [; IRn) 
anqlpy¢§ }_soy¢Gtma,{y{½{Ca©mtwlnoa4p4a,{pq_p_twv@qa4p_aWlulsoaNluq_~nN¯
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 {z̄}(0+) = z̄′0
   
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 0 )( @ )( A ) ]@ly{p [0, T ) 7q_ptvAq_asoa4@q_ws.luy{qmnuty{p
z
no]¢n,lunutwl.8VaNl
no]_asoa4w¢not~y@pl   
 ·    
 yª É y{soy{{suk - ¯9P_soy{`   
 p   
 ´I§'a²Gp_y¢§ nu]n ‖z(t)‖ ≤ e‖WAW−1‖t‖z′0‖, ∀t ∈ (0, T ) ¯\






















−), (r + 1 ≤ l ≤ n).




 0 )( @ )( @ ) y@p [0, T + T1) §t~nu] T1 > 0 ¯ ¾a,]×{a
‖{z(t)}‖ ≤ e‖WAW−1‖t‖z′1‖, ∀t ∈ [T, T1).
¾awluy¨]×@a






| ≤ | zi(T−) |, (1 ≤ i ≤ r − 1),
Ñ®ÒÓ­ÑÌÔ
 
				 ! "$#% &	'
  -
〈(CAr−1B)−1z′1,r, z′1,r〉 ≤ 〈(CAr−1B)−1zr(T−), zr(T−)〉{pEnu]Gql
| z′1,r | ≤ | zr(T−) |,lutpa
(CAr−1B)−1 > 0
¯2eZy@suaNy¢{aNsN´
| z′1,l | = | zl(T−) |, (r + 1 ≤ l ≤ n).
É y@pluaNvAq_a4pAno~k ‖z′1‖ ≤ ‖z(T−)‖
p
‖{z(t)}‖ ≤ e‖WAW−1‖(t−T )‖z′1‖ ≤ e‖WAW
−1‖(t−T )‖z(T−)‖ ≤
≤ (e‖WAW−1‖(t−T ))(e‖WAW−1‖T )‖z′0‖ = e‖WAW
−1‖t‖z′0‖, ∀t ∈ [T, T1).
¾a]×@a¦{luy












0 (2 ≤ i ≤ r)
{z̄}(T+) = z̄′1
´
z ≡ {z} y@p (0, T ) ∪ (T, T1) ´




Àfl½Iy¢{a@´m§'a]_aW²7nu]n ‖z′0‖ ≤ ‖z0‖
´Vly¨nu]n






no]¢n ‖z(t)‖ ≤ e‖WAW−1‖t‖z′0‖






 0 )( @ )( A ) ´_§]t]Zy@pAnus{mtwÁnl«no]_ama8p_t~nuty{p!yª Tmax ¯Àd}_}_kGt~p_¨y{soy{wsok,p}_soy{}Iy@lut¸not~y@pEft¸nMª®y@~y¢§.l$no]¢n'{qmnuy@p_y{`7y@ql _tlolt}nut{a .]_t{]_aNsMy{sma4s
lu§/a4a4}t~p_}_soymaNloluaNl
soa,§'aN~~·=}Iy@luaNlukGlnuaN`&l4¯2À.p!a4©m{`7}_~a,twlmant~aWt~pZluaNÁnot~y@p_¯
Ã ³¡m       
 ! >
0 = T0 < T1 < T2 < ...
 >7LQ
#&' Q#"# !> 	+$@1I< 
 {z}(T−i ) 6=
{z}(T+i )
5>!>!;	$#$> I<  ">?I#  $#>?	O$	V>B  










({zj}(T+α ) − {zj}(T−α ))δ(i−j−1)Tα (2 ≤ i ≤ r)
  
 	<$<=	 #" 	<$<=	  '# A#"	<  " >B >7L '
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m ≥ 2 #"QO#  
	  	<=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	  "	@1IA >7L>;#" +   + >7L>
CAr−1B
   > I
<> 
  > 	+  $  #&#L+$#%O<=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G   '	5> <
{1, ..., n} W>!>7L>   m ≥ 2 
	 z = (z1, ...zr, ξ)T ∈ IRn  









‖zα‖2m + 〈CAr−1Bzr, zr〉 + ‖ξ‖2n−mr.
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Mq̈(t) + F q̇(t) +Kq(t) = LTλ
0 ≤ λ(t) ⊥ Lq(t) ≥ 0
,  /
'#  > 	>! $# O	 	  
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− (z(t+k+1) − z(t+k )) ∈ ∂ψK(t+
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dz(]tk, tk+1]) = z(t
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F (q, v, t)
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M(q)dv + F (q, v, t)dt ∈ −∂ψV (q)(v(t+) + ev(t−)) ,  -/
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−M(vk+1 − vk) − h((1 − θ)F (vk+1, qk+1, tk+1) − θF (vk, qk, tk)) = HT (q̃k+1)µαk+1
HT (q̃k+1)µαk+1 ∈ ∂ψTΦ(q̃k+1)(vk+1)
qk+1 = qk + h((1 − θ)vk+1 + θvk), θ ∈ [ 12 , 1]
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v(t+k+1) − v(t+k )
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k∗ , t=¯ a@¯ qk∗−1 > 0§]t~a
qk∗ < 0 / ¯\
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dzi − zi+1(t)dt = dνi,
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zi+1(τ)dτ ≈ hzi+1(t+k+1) = hzi+1,k+1 , { /
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co(∪τ∈(tk,tk+1] − ∂ψT i−1Φ (Zi−1(τ−))(zi(τ
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zr,k+1 − zr,k − hCArW−1zk+1 = CAr−1B µr,k+1
µr,k+1 ∈ −∂ψT r−1Φ (Zr−1,k)(zr,k+1).
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zk+1 = [z1,k+1, . . . , zr,k+1, ξ
T
k+1]










µk+1 = [µ1,k+1, . . . , µr,k+1]
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zTk Jzk ≤ −
1
2
(zk+1 − zk)T J(zk+1 − zk) + hzTk+1JWAW−1zk+1 ,?0  /

	<$<
k ≥ 0 
Ñ®ÒÓ­ÑÌÔ
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			 ! "$#% &	'
  0
   Ç­Ç ¤
an.ql}suaN`q_~nut}_k½Vy{nu]ZlutmaWl
yª ,I0  / ½Gk zTk+1J ¯M\
]tl
@t~@aNl
zTk+1Jzk+1 − zTk+1Jzk = hzTk+1JWAW−1zk+1 + zTk+1JḠµk+1.
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,?0  /, suaW4{~Rno]¢n (JḠ)T = (Ir 0(n−r)×r) / ¯P_soy{` ,?0  / {p ,I00A/ nu]_asoaNluq_~n/ª®y@~y¢§.lN¯
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#
h∗ > 0
 >7L	 A +>I  '#L+>!#>
M ≡ M(h∗) > 0 +'>7L> ||Ḡµk|| ≤M, ∀h ∈]0, h∗[ 
   Ç­Ç ¤ bdynot4a,nu]n/ª®soy{` ,I0  / ´_§/a,{a4n
zTk+1Jzk+1 ≤ zTk Jzk+zTk+1(JWAW−1+W−TATW TJ)zk+1−
1
2






















¯:P_soy{` ,I0  / y{paM4p]_yGyAla M = 2α+h∗||WAW−1||α ¯
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B̄(a,R) = {z ∈ IR : ||z̄−a|| ≤









[0, T ] → IR luq]no]¢n
zNi (t) = zi,k
ª®y@s.
t ∈ [tk, tk+1)
´
0 ≤ k ≤ N − 1 ´ 1 ≤ i ≤ r ¯
Ó(ÓØ[è+\ÁðÁç
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#  
zNi (·)

1 ≤ n  $# [0, T )   O#"A  @5A''	$#%>! 
@	
(zNi , [0, T ]) ≤ 12R |zi,0 − a|2 + α
2
2RT
2 + αT (1 + 1
R
|zi,0 − a|) (1 ≤ i ≤ r − 1)
@	
(zNr , [0, T ]) ≤ 12R |zr,0 − a|2 +
β2α2
2R T




(ξN , [0, T ]) ≤ (γ + δ)αT
,.-  - /
:
	 ||CArW−1|| ≤ β  ||Aξ || ≤ γ #" ||Bξ|| ≤ δ  :L	  α   *$# 





N ∈ IN 
@ 	
(zN , [0, T ]) ≤ K. ,.- @ /







zi,k+1 − zi,k − hzi+1,k+1 ∈ −∂ψT i−1Φ (Zi−1,k)(zi,k+1) (1 ≤ i ≤ r − 1)
{p




















´CqVltp_ ,?0  / ´ ,I0  / {p 2 AG´ a4`7`&¯ V¯  3 , lua4a7}}VaNpmt~©±| / y{p_a@anl
|zi,k+1 − a| ≤ |zi,0 − a| + h(k + 1)α, (1 ≤ i ≤ r − 1, k ≥ 0),
|zr,k+1 − a| ≤ |zr,0 − a| + h(k + 1)βα.
,.- { /
an!qlZluan
wi = zi,0 + hzi+1,1
p
wr = zr,0 + hCA
rW−1z1
¯ Xfp_a¿]V{l |zi,1 − zi,0| ≤
|zi,1 − wi| + |wi − zi,0|
p½Gk 2 AG´ a4`7`&7_¯ ¯  3, lua4a{}_}VaNpmt~©À / 
|zi,1 − zi,0| ≤ 12R (|wi − a|2 − |zi,1 − a|2) + hα, (1 ≤ i ≤ r − 1),








|zi,k+1 − zi,k| ≤
1
2R
(|zi,k + hzi+1,k+1 − a|2 − |zi,k+1 − a|2) + hα ≤
≤ 1
2R
(|zi,k − a|2 + h2|zi+1,k+1|2 + 2h|zi+1,k+1| |zi,k − a| − |zi,k+1 − a|2) + hα
≤ 1
2R
(|zi,k − a|2 + h2α2 + 2hα |zi,k − a| − |zi,k+1 − a|2) + hα
ª®y@s
1 ≤ i ≤ r − 1 ´_{p
|zr,k+1 − zr,k| ≤
1
2R
(|zr,k + hCArW−1zk+1 − a|2 − |zr,k+1 − a|2) + hαβ.
≤ 1
2R
(|zr,k −a|2 +h2|CArW−1zk+1|2 +2h|CArW−1zk+1| |zr,k −a|− |zr,k+1 −a|2)+hβα ≤
≤ 1
2R
(|zr,k − a|2 + h2β2α2 + 2hβα |zr,k − a| − |zr,k+1 − a|2) + hβα.
bdy¢§°qltp_ ,.- @ / §'a¨{an |zi,k − a| ≤ |zi,0 − a| + hkα ª®y{s, 1 ≤ i ≤ r − 1 ´CpV |zr,k − a| ≤
|zr,0 − a| + hkβα
´{p!la4nnutp_














(h2+2hTk) ,.- @ /
ª®y@s
1 ≤ i ≤ r − 1 ´_{p
|zr,k+1 − zr,k| ≤
1
2R















|zi,k+1 − zi,k| ≤
1
2R
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Tj+1 = Tj + h
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µN (·) : [0, T ] → IRr luq]8nu]n µN (t) = µk+1 ª®y{s{~ t ∈
[tk, tk+1)
¯
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#
h∗ > 0
 >7L	; A +>I5'#+>B#>
K ′ ≡ K ′(h∗) > 0 +' >7L> 
@	
(µN , [0, T ]) ≤ K ′, ∀h ∈]0, h∗[. ,.-A-  /
   Ç­Ç ¤ an
h∗ > 0
½Ia{t{aNp­¯ P_soy{` ,?0  / §/a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||zk+1 − zk|| ≤









||zk+1 − zk|| ,.-A-  /




||zk+1 − zk|| ,.-A-  /
¥ n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z1,k
  #& L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# ,I0  /  >7L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T 0Φ = IR
+ &L	 
	 z1,k = &		 [IR+; z1,k−1 + hz2,k] ≥ 0 
	;<$< k ≥ 1  
# >7L		 
zN1 (·)
    #"B > $@  # < *#
t ∈ [0, t1)
  # >$5'# >?		  >7LV>7L	 @ 	+I <=+
zNi (·)
  
'  #&BA>?$@W> #  >   
t ≥ 0 #IA
	 
	$#L+>!#&' T i−1Φ (z1,k, . . . , zi−1,k) = IR 
	W<$<
2 ≤ i ≤ r  >7L> z2,k = z2,k−1 +h∑ri=3 zi,k +hCArW−1zk W>7%$#%L   








2 ≤ i ≤ r  +> 
<$<=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  ,?0  /  ,I0  / #"'#@  #&<  + >7L>
0 ≤ z1,k+1 ⊥ µ1,k+1 ≥ 0

	<$<
k ≥ 0 ,.--  /
#"
0 ≤ z1,k+1 ⊥ µr,k+2 ≥ 0

	<$<
k ≥ 0 ,.--  /
:OI'* >$W '
	>! !>   ;'   "<= 
# >B	+$> V'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$# V>B 
   5#" 
   
        Ç  Ã     Ã  £ Ã¿Ç   Ã ÈTN£{  Ã   Ã È¹ Ç   Ç
¾a.p_y¢§¹maNp_ynoa {zN(·)} nu]adlaWvAq_a4p4a.yªRª®q_pVÁnuty{pVl'4y{plnusoq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µN (·) ¯
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z(·) : [0, T ] → IRn   $>7 @	+I> I# ≤ K  #"* +
#"' {µNk}   {µN}:OI' '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$#>!  
<  >B    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> I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µ(·) : [0, T ] → IRr  $>$ @ 	+I> I# ≤ K ′ 
   Ç­Ç ¤ \
]_afª®q_pnuty{p
zN (·) twl/q_p_t~ª®y{so`7~k&½Iy{q_pVmaNEy{p [0, T ] ´GpEt¸n
]@l«½Iy{q_pVmaN¢sotnuty{p&y{p
[0, T ]
´mlua4axMsoy{}Iy@lut~nuty{pl -A- {p - G¯Psuy@` 2 AG´\
]a4y{soa4`_¯Ým¯ -;, t / ´ ,  /B3 no]_a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]_a}suyGyªtl/no]_alo`7a¦ª®y{s
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µ(·) 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#  
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ϕ : [0, T ] → IR #& <$<






ϕ dzi (s < t)
 
Nk → +∞ ,.-A-  /
   Ç­Ç ¤ \
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4y{pluaNvAq_aNpa7yª 2 AG´$\
]_a4y@suaN`h_¯Ým¯ - , tt~t /B3 p¿no]_a7ªô{nnu]nnu]_a zNi (·) soasot{]An.y{pAnot~pGq_y@ql'ª®q_pÁnot~y@plN¯
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dzNki = {żNki }(t)dt+
∑N−1
k=1 (zi,k+1−zi,k)δtN,k , no]_alutp_{q_ws/}{sn½Ia4tp_¨»Na4soylutpa
zNki (·)
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W ∈ IRn×n ´mno]_a,~tp_aN{s
nusplª®y{so`&¢not~y@pyª(nu]_alnonual}V{a@´G§'a,tp@nosuymmqVa¦nu]_a¦ª®y@~y¢§t~p`&nusot¸©pynonuty{pl 
[I − hĀ]zk+1 = zk + Ḡµk+1 ,.-A-  /
§]a4soafno]_a`&¢nosutwaWl
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8paNt~p ,.-0A/ pVEno]¢n Ḡ twlma
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0 ≤ z3,k+1 ⊥ µ3,k+1 ≥ 0
¥ pno]_a,{a4pa4s­4@la@´G§'aluaN{so]Enu]_a,tp@noa4@a4s






1 + max{j ≤ r − 1 : zi,k ≤ 0, ∀i ≤ j}
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z?k+1 = [z1,k+1, . . . , zr?,k+1]
T








z?k+1 = Rz̄k+1. ,.-  - /
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Tµ?k+1. ,.- { /
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P ∈ IRr×n luq]nu]n
z̄k+1 = Pzk+1. ,.-  /
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z?k+1 = RP [I − hĀ]−1zk +RP [I − hĀ]−1ḠRTµ?k+1
0 ≤ µ?k+1 ⊥ z?k+1 ≥ 0.
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wk+1 = Cxk+1 +Dλk+1
0 ≤ λk+1 ⊥ wk+1 ≥ 0
,.-  /
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0 ≤ λk+1 ⊥ C(I − hA)−1xk + hC(I − hA)−1Bλk+1 ≥ 0 ,.- @ /
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½VamaNp_ynoaN{l
(yk+1, λk+1) = LCP (M, bk+1)
§]_a4soa
M = hC(I − hA)−1B ,.-  /
bk+1 = C(I − hA)−1xk ,.-  0 /
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D = 0, CB = 0, CAB 6= 0   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C(I − hA)−1B = 0 ,.-  -/
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x0 = (0,−1, 0)T
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; λk = 0, ∀k ≥ 2 ,.- @ /
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x0 = (−1,−1, 0)T
 W >B$#*>7L 
<$<= $#% #  
	+I'<
< O>?I# 	  
















; λk = 0, ∀k ≥ 2 ,.- A /
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xk = 0, ∀k ≥ 1
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 ; ∀k ≥ 1 ,.- { /
µ1,1 = 1; µ2,1 = 1, ,.- A /
µ1,k = 0, µ2,k = 0, ∀k ≥ 2 ,.- @ /
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x(0) = x0, x(t) = (0, 0, 0)
T , ∀t > 0 
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;D = 0 ,.-  0A/
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x0 = (0,−1, 0)T
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; λk = 0, ∀k ≥ 2 ,.-  -/
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 ; ∀k ≥ 1 ,.- A /
µ1,1 = 1; µ2,1 = 1, µ3,1 = 0, ,.- @ /
µi,k = 0, µ2,k = 0, ∀k ≥ 2, i = 1 . . . 3 ,K- { /
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x(0) = x0, x(t) = (0, 0, 0)
T , ∀t > 0 














= Āzk+1 + B̂λk+1
0 ≤ z1,k+1 ⊥ λk+1 ≥ 0
,.- A /
§t~nu]
B̂ = (0, . . . , 0, CAr−1B)T





§t¸no]no]_a  É xµ`&¢nosut~©E@t~@a4pE½Gk
M = CAr−1[hW (I − hĀ)−1B̂ +B]. ,.- @ /
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ż3(t) = −z1(t) − z2(t) − z3(t) − dTξ ξ(t) + λ(t)
ξ̇1(t) = αξ2(t)
ξ̇2(t) = −ωξ1(t) + z1(t)
w(t) = z1(t) ≥ 0
,.- G /
§t~nu]nu]_aft~p_t~nutwC4y{pmt~nuty{p
z(0) = (1, 0, 0, 0, 0)T
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dξ = (0,−1), α = 1, ω = 1
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gr?f = {(t, x) ∈ [0, T ]× IRn, 0 ≤ t ≤ T p x ∈ [f(t−), f(t+)])} ,.- @ /
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d((t, x), (s, y)) = max{|t− s|, ‖x− y‖IRn} ,.-  0 /
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0 ≤ λ(t) ⊥ w(t) = −x2(t) ≥ 0
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x2(·)
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4q_sosuaNp@n@soy@lolnu]_a±4t~s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ẋ2(t) = −RLx2(t) − 1LCx1(t) + x3(t)
ẋ3(t) = x4(t)
ẋ4(t) = λ(t)



























0 ≤ w(t) = z1(t)
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x ∈ H  &L#
||x−  &		 [C;x]|| ≤ 1
2R
(||x − a||2 − ||  "	  [C;x] − a||2) ,.- { /
	   .- -#    "
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C1, . . . , Cn









x1, . . . , xn





||x0 − a|| ≥ ||x1 − a|| ≥ . . . ≥ ||xn − a||
∑n
i=1 ||xi − xi−1|| ≤ 12R (||x0 − a||2 − ||xn − a||2) ≤ 12R ||x0 − a||2
,.-  /









x ∈ IRn ´ u ∈ IRm ´ w ∈ IRm ¯ ¾a¨@luluq_`7a,nu]V¢n (A,B) twl.y@p@nosuy@~w½~apVnu]n (A,C) twly@½lua4so×{½_a{¯
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H(s) = C(sIn −A)−1B
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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P = P T > 0
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A,B,C, x0Ã ô  Ã ¤ ÎIa4soy·ºÐdkGp{`7tdª®y{so` 
r,W,Aξ , Bξ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M̄ := (I − hĀ)−1
Mlcptmp := PM̄Ḡ
btmp := PM̄






r? = 1, i = 1;Æ    Ã
zk(i) ≤ 0
È Ç
r? = r? + 1
i = i+ 1  Ã  È Æ   Ã
 É y{`7}_qmn¢nuty{p!y{ª
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Cy{p!sut{tw}_{p_a{¯ e = 0.8, g = 10m.s−2,m = 1kg, h = 5.10−3s
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